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Test-time Inference

Test-time inference 1s a phase where the training 1s done and weights are frozen,
and people figure out some strategies to optimize its outputs.
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* Motivation: existing methods typically rely on inefficient discrete
search (CoT, ToT, ...) or trial-and-error (Best-of-N, Self-Consistency)
prompting to improve the online policy.
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V-REASONER

1) But LLM tokens are discrete.

-- How to make 1t differentiable so that we can get gradient descent?

2) And this 1s test-time inference.

--How to get gradient descent in sample space?
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Step 0: Formulate reasoning as sequential decision making problem

via Bellman Equation.

Future outputs till the end

WELM('lySi—lﬂ ;I:) zEy>:~:+1NWELM(‘|'yuy<i1==B [T(yS’i—li Yi, Y>i+1 |$
Y; €V o -

Optimal policy, given prompt x,
and previous generated texty. Choose the current word y_i
from the vocabulary V.

)],

Overall reward score for the
concatenated sentence
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Algorithm 1 V-Reasoner: Decoding with DTO Step 1 -- Rollout:

Require: Prompt x, language model 71/, re- Given the prompt x, generate a
. :\;&;Sarilodel r, stop criteria StopCriteria(-). response y from the LLM model.
2 Z~ T -

3: z<+ DTO(x,z, 7o, 7).

4: y; ~ softmax(z1/7). . .

5: if Y1 # vy then Step 2 -- Differentiable Textual
6: Y,z ~mrrm (|91, ) iz at

. it7(7.5,/7) > r(y|2) then Optimization (DTO).

8: x < concat|x, Y| i

9: else

10: x <+ concat|x, yi]

11: end if Step 3 -- Resample

12: |else

13: x <+ concat|x, Y]

14:  \end if

15: until StopCriteria(x)
16: return x

Step 4 -- Accept / Reject
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Algorithm 2 Differentiable Textual Optimiza-
tion (DTO)

Require: Prefix z, initial logits z, language

® S

11:
12:

AR~

model 77,07, reward model r, and the num-
ber of training steps 7.

2z 2

fort=1,---,T do

foreveryi=1,---,|y| do

- t
J s argmaX;cpy] zﬁj)

yf) — 0 + softmax(z,gt)/'r) —

StopGrad(softmax(zi(t) /7))

end for

Loy =—)_;log WLLM(y(t)Iyg_p )

Ere'ward - _r(y(t) |.’B)

L= £’n££ + /\ﬁ‘re'wa‘r‘d-

2D 2 _ V. L.
end for
return z(7)

Objective: L(y) := —Xr(y|z) — log 7o (y|)

]

Reward Fluency

Reward scores are from reward
models (Skywork-V2-Qwen-4B for
Qwen-based models and Skywork-

V2-Llama-8B for Llama family
models)
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Reward Fluency

Objective: L(y) = —Mr(ylz) — longLM(ylw)

logﬁrLLM(ka ly"logcat (WLLM( |y<z 1,L ))

one hot vector

Given: y_2:
Prompt x: “1+1 = 7. one two three | equals cat
Response y: “equals two”. 0 1 0 0 0

Vocabulary V [one, two, three, equals, cat]
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Reward Fluency 1
Objective: L(y) = —Ar(y|z) —logmrrm(y|x) 0 A
———— 2 e U X

-1
logmrom(ylz) = 21321 Y; 108

Given: Cat(mwm (- |equals, x))

Prompt x: “1+1 =77,
Initial response y: “equals two™.
Vocabulary V [one, two, three, equals, cat]

one two three equals cat
0.05 0.80 0.10 0.03 0.02
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Now we have an objective function to take the derivative of.

L(y) == —Ar(y|z) —logmrLm (y|T)

But we do not have a continuous variable yet to differentiate 1t with respect to, since
tokens are discrete.

Therefore, we choose to use logits z, where softmax (z) -> .
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— Logits Z resides here!
input layer hidden layer 1 hidden layer 2 hidden layer 3

output layer
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Now we have a loss function contains Y but we want to take derivative on Z.

L(y) := =Ar(y|lz) —logmrrm(y|T)

How: We use Gumbel SoftMax straight-through trick to parameterize

o+ Softma,x(zi(t)/q') - StopGrad(softma,x(zf) /7))

1.1

y(t) =
? arg max; |y

By this means, gradient descent can be equivalently performed on the space
of z(t)  as

2D — 20 _ py_£(2®)
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1) But LLM tokens are discrete.

-- How to make it differentiable so that we can get gradient descent?
Use logits Z space to surrogate token Y.

2) And this 1s test-time inference.
--How to get gradient descent in sample space?

Does not update the global weights at all. Only adjust the outputs
for the specific question pairs.
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To Speed Up:
* Gradient Caching:
one-hot vector 1s hardly ever overturned;

* Rollout Trajectory Reusing:

 Confidence & Gradient — Guided Selection:
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Table 1: Accuracy (%) on math reasoning datasets compared with baseline methods, including
both test-time and training-time approaches. We skip results on AIME datasets for Llama-3.1-8B
as it is incapable of generating reasonable performance. We mark the best performer in bold and
the runner-up with underline. Our method outperforms all test-time baselines and even achieves

performance on par with the training-based methods (SFT and GRPO), respectively.

Models Methods MATH-500 AMC AIME24 AIME25
Greedy decoding 43.8 33.0 6.7 6.7
SC (Xie et al., 2024) (N = &) 69.8 49 .4 22.5 20.0
BoN (Stiennon et al., 2020) (N = 8) 70.2 50.1 22.5 13.3
ToT (Yao et al., 2024) 57.8 424 6.7 10.0
Qwen-2.5-7TB RAP (Hao et al., 2023) 68.6 50.1 18.3 14.2
SFT (Ouyang et al., 2022) 65.8 36.4 6.3 11.7
GRPO (Guo et al., 2025) 70.8 52.8 20.8 16.7
V-Reasoner (Nomaz = 8) 71.0 51.5 23.3 15.0
Greedy decoding 71.2 43.0 53 7.5
SC (Xie et al., 2024) (N = 8) 76.6 55.5 25.0 22.5
BoN (Stiennon et al., 2020) (N = 8) 71.8 55.9 22.5 18.3
Qwen-2.5-7B-Instruct  ToT (Yao et al., 2024) 75.4 48.2 20.0 18.3
RAP (Hao et al., 2023) 80.2 54.6 1.6 12.5
TPO (Li et al., 2025) 71.6 55.9 6.7 11.1
V-Reasoner (Nyqz = 8) 80.4 56.8 26.6 20.0
Greedy decoding 40.6 19.3 - -
SC (Xie et al., 2024) (N = 8) 54.8 25.7 - -
BoN (Stiennon et al., 2020) (N = 8) 522 26.1 - -
ToT (Yao et al., 2024) 50.2 25.6 - -
Llama-3.1-8B-Instruct  p 4 p'(aq ot al.. 2023) 55.4 25.8 ; -
SFT (Ouyang et al., 2022) 46.6 20.2 - -
V-Reasoner (Nopaz = 8) 55.8 28.9 - -
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Table 3: Analysis of rejection rate (%) in rejection
sampling. We set N = 8 for the BoN baseline
and also set N,,q.. = 8 for our V-Reasoner. The
theoretical rejection rate of the baseline is 66.0%.

Model Baseline V-Reasoner
Qwen-2.5 65.9 32.8
Qwen-2.5-Instruct 66.5 28.9
Llama-3-Instruct 66.9 40.1

0.56 1

0.55 1

0.54 1

Accuracy

0.52 A

0.50 A

0.49

Qwen?2.5-Math-7B-Instruct
0.52

Qwen2.5-Math-7B

Llama-3-8B-Instruct

0.53 A

0.50 - 0.28 A
0.48 0.26
0.46 0.24 4
0.44 A
0.22
—8— Ours 0421 —8— Ours —&— Ours
BoN Bon |0-201 BoN
~e— sc |0.401 -8~ 5C —8— SC
2000 3000 4000 5000 6000 3000 4000 5000 6000 2000 3000 4000 5000
Cost (#Calls) Cost (#Calls) Cost (#Calls)

Figure 4: Test-time scaling curves comparing our method with BoN and SC. We change the number
of samples NV for BoN and SC and number of rollouts N,,,, for our method. The results show
V-Reasoner achieves superior performance with reduced cost across multiple models.
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Contribution:

1) Achieves 20% accuracy improvement on a challenging math
reasoning benchmark while reducing 10-40% model calls compared
to strong baselines.

2) Introduces a paradigm shift from zeroth-order search to first-order
optimization at test time.
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* Background: Reward models are imperfect for early pruning.

Step 1: Step 2: Step 3:
Total parts = 2 (Jane) + Each part=9/3 Jane has 2 parts -> 2x3=6
+- 1(Mark) =3 = 3 pencils Final Answer: 6 pencils
X , AR .
= - O

Jane has twice as many o : Score: . Score: Score:
pencils as Mark. - 05156 0.9375 0.9883
----------
Together they have 9 pencils.
How many pencils does Jane
have? Step 1: Step 2:
Total parts = 3 -> each Jane gets 1 part-> 3
part 9/3=3 Final Answer: 3 pencils
.........
Score: Score:
= 0.9453 : 0.0133

Figure 1: A true example of PRM assigning a lower score to the first step of a solution that turns out
to be correct. In deterministic scaling methods, this solution would have been discarded in favor for
one that had a higher initial PRM score but turned out to be incorrect.
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(math problem]

math problem

top- 2%

selected: 1,3

distribution: I
_H=

O \O O O sample N: 1,1,3,4 . . . . expand M

(a) Particle filtering uses the rewards to produce a (b) Beam search treats the rewards as exact and per-
softmax distribution and does stochastic expansion of =~ forms deterministic expansion based on beam size N
N based sampling. and beam width M.

Figure 8: A side-by-side comparison between particle filtering and its closest search-based counterpart,
beam search. Compared with beam search in Figure m where the selection and expansion is
deterministic (implicitly assumes the rewards are correct), particle filtering in Figure|8a|trusts the
rewards with uncertainty and propagates the expansion via sampling. |
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* Novelty: From Search to Inference.

Search Inference
1) Rely on noisy reward models; 1) Acknowledge rewards models are
imperfect and can contain noises;

2) Keep top-k paths and prune aggressively; e T
) PIOPRDP b SEIESSIVELY 2) Maintain distribution for many

3) Mode; paths;
4) Sensitive to early sub-optimal 3) Use posterior and propagate
uncertainty;

3) Recover from early errors;

Traditional reward models give P(O|X) while this paper approximate P(X|O) to evaluate the
Quality of reasoning, where O 1s reward feedback while X represents reasoning output.
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Method: models the LLM reasoning as state space models (SSM) and use particle
filtering to approximate the posterior distribution in the SSM.

* A SSM models a process that we observe via indirect measurements and aim to
infer the underlying state.

 They consist of: 1) a sequence of latent states {z:};— -- Reasoning Steps
2) corresponding observations {0:}i=1 - Accepted / Not Accepted
3) a transition model p(z: | z<+-1) that governs evolution of states
-- LLM
4) an emission model p(o:|z:) to produce observations
-- Process Reward Model



“This formulation makes particle filtering a natural and theoretically

ROHOUt R()Ulette grounded choice for inference”

The goal 1s to infer the posterior distribution over latent trajectories that yield fully
accepted sequences pys(x1.7 | ¢,01.7 = 1)

. language
-~ model :
M(zT | ¢, 2<T)
reward
- model
: ot | ¢, T<t)
Figure 3: State-space model for inference-time scaling. ¢ is a prompt, x4, ...,z are LLM outputs,
and o4,...,0r are “observed” acceptances from a reward model. We estimate the latent states

conditioned on o; = 1 for all ¢.
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Step 1: Initialize N particles and assign scores.
In this step, let LLM generates the very first step repeatedly, and use a reward model to score them.

generate a 1st esampling generate a next Resampling generate a next Select particle with highest
step / score step / score step / score reward as final answer Algorithm 1 Particle Flltermg for Inference-Time Scaling
Step 1: Bheeacy e o Input: the numbe article atewardmodel 7, a LLM p); and the prompt c
Total parts=2 W ’ c_ ;a _'I pencils. Jane has other 6. (
Particle WAL - penets e Fhellsmrm & el Step 1: ltla‘llz‘e N partICICS {3:1 ~ pM( | C) i=1
1 Score: Score: T Total parts = 2 (Jane) +
n 0.3198 0.9375 T, os::r;é 1 (Mark) = 3 t ;;ll all il d
many pancls 20 — Stop 2 . rier= Senz while not all particles StOP o
Mark. Together Particle Total parts - 3> Jane gets 1 part ->3 % completed its Each part=9/3
they have 9 pencils. Ho i ZIC € aachp:art =9/3 Final Answer: 3 S answer = 3 pencils
::v"ev"penclls does Jane =3 1] pencils = e 5 tepg ...... X W)
Score: . Score: . Jane has 2 parts -> .
. 2:3=6 ample indices ~P(f=1)=0;
(e 0.0133 . this F’aﬂﬂed . Final Answer: 6 pencils S p {'?t } t (';' ) :
as EOmP etet -
S | Step 3: Update the set of partlcles as {:v(:’ i
Particle Step 1: * Step 2: = Jane h:saz p:rts = .t ) N
3 Letd=x M= 2x .'0. 7Mark =1part .Fmal Answer: 6 pencils Transition {$t+l ~ pM( | G, Ty, t) 1=1
Si 3 S g - .
0,‘;"8“;8 0.‘(:35;992 Score: this particle t = t + 1
0.9883 has completed end while

its answer

Return: the set of weighted particles in the end

Figure 2: Inference-time scaling with particle filtering: initialize n particles, generate a step for each,

score with the PRM, resample via softmax-weighted scores, and repeat until full solutions are formed.
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Step 2: Resampling

generate a 1st

e generate a next
step / score ping step / score

a. Convert the reward scores to a probability distribution [0.2393,0.4473,0.3134]

Resampling generate a next Select particle with highest - "
step / score reward as final answer Algorithm 1 Particle Filtering for Inference-Time Scaling
Step 1: Stop 2: Step 3: Input: the number of particles IV, a reward model 7, a LLM and the prompt ¢
Mark has 1 part = 3 Py
Total parts=2 @ Eaclr ;art =_? /3 pencils. Jane has other 6. . . (’L) N
o Wane1(Marki=3 =3pencils  wuuuelf) Final Answer: 6 Pencils S Initialize N particles {z;’ ~ pam(- | ¢)}i,
1 core: Score: al parts = ane,
; 63198 0.9375 T, ooy . B ';(rh:lark)z i t 1 )
P S gl T while not all particles stop do
# many F;encili as Step 1: Sepis K . ";f’f‘i'l‘”- Ea, hs:es 2:9 /3 (1) (N)
lark. logether article J t1 n_s - completed its | IC al =
they have?pencils How P r; J T::Ihp:ar: 93/3> ar::?ngr:nswp:r 3> % answer = 3 pencils Update rewardS W = [’I"(.’L‘ ) T(CE )]
vy el oms dane | =3t @ poncis . sep 3 Compu = ax(w)
Score: '. Score: .'_ Jane has 2 parts -> . s (2) N
- - — 2x3=6 . ~ g g
0.9453 . 0.0133 ! 5 ﬂﬂed : Final Ans:var: A Sample indices { J+ } ]Pt ( _] ?,) 7]
“ a? n:omp etet -
‘. S | | Stop 3: o Update the set of partlcles as {a: W
Particle| Step 1: . Step 2: H Jane hza:az_p:rts > .t s
3 | [Eetdex s '0. Mark = 1 part .Fmal Answer: 6 pencils Trans‘ltlon {$t+1 ~ pM( | C ',L‘l t) =1
S: 2 S 2 -
05398 0.0392 Score: & [this particie t <__t +1
0.9883 thas completed| end whlle
its answer
' Return: the set of weighted particles in the end
Figure 2: Inference-time scaling with particle filtering: initialize n particles, generate a step for each
score with the PRM, resample via softmax-weighted scores, and repeat until full solutions are formed
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Step 2: Resampling.

a. Convert the reward scores to a probability distribution [0.2393,0.4473,0.3134]
b. Sample N particles with replacement according to this probability distribution

generate a 1st generate a next

e iy Fasamein generate a next Select particle with highest
step / score ping step / score ping step / score reward as final answer
Step 3:
Step 1: Step 2: -
Total parts = 2 Each part=9/3 M_alrk has 1hpart h 3
R 3 +1(Markg=3 """ """ . = 3 pencils pencils. Jane has other 6.
Particle (Jane)+1(Mark)= ammn Final Answer: & Pencils S
1 Score: Score: L e Total parts = 2 (Jane) +
N 0.3198 0.9375 . 0.8133 1 (Mark) =3
Jane has twice as '_ ~ T I - oocoooocoooono-oooo
¥ many pencils as Step 1: Step 2: . this particle has: Step 2:
Mark. Together Particlf] Total parts = 3 -> Jane gets 1 part >3 completed its | Each part=9/3
they have 9 pencils. How 2 each part = 9/3 Final Answer: 3 S answer = 3 pencils
many pencils does Jane —- =3 'YL pencils % e
have? Step 3:
Score: Score: ¥ . Jane h2a532 p:rts >
- — m x3=
0.9453 R this particle | =

Final Answer: 6 pencils
has completed| §

| itsanswer - Step 3: .
A i

*
Particle| Step 1: Step 2: H Jane has 2 parts -> .*
3 | LetJ=x,M=2x Mark = 1 part . 2x3=6 .
-1 .Fmal Answer: 6 pencils
Score: s—
0.5898 core: N S
0.9883 4| this particle

thas completed|
its answer

Figure 2: Inference-time scaling with particle filtering: initialize n particles, generate a step for each,
score with the PRM, resample via softmax-weighted scores, and repeat until full solutions are formed.

Algorithm 1 Particle Filtering for Inference-Time Scaling

Input: the number of particles NV, a reward model 7, a LLM pj; and the prompt ¢
Initialize N particles {z\” ~ pa(- | )},

t+1

while not all particles stop do

Update rewards w = [F(m(})), . ,?(mgﬁ))]

Compute softmax distribution 6 = softmax(w)

Sample indices {5V}, ~ P,(j = i) = 0

Update the sez; ;)f particles as :1(91) N
Transition {1 ~ pu (- | & 21) Hoy

t+—t+1
end while

Return: the set of weighted particles in the end
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Step 3: Transition -- form the next generation from the selected particles

generate a 1st e iy
step / score s

generate a next

Resampling generate a next

Select particle with highest
step / score reward as final answer
Step 3:
Step 1: Step 2: -
Total parts = 2 Each part=9/3 M.alrk hae 1hpart h 3
- ------. = 3 pencils pencils. Jane has other 6.
Farticic | Hanel+1(Mark)=3 . Final Answer: 6 Pencils Step 12
1 Score: os‘;oar;s L Sn Total parts = 2 (Jane) +
0.3198 . "' 0.8133 1 (Mark) = 3
Jane has twice as
¥ many pencils as Step 1:
Mark. Together

Particle

otal parts = 3 ->
they have 9 pencils. How

.
Step 2: b,
B

(this particle has| Step 2:
Jane gets 1 part ->3 completed its | Each part=9/3
‘ 2 each part=9/3 Final Answer: 3 answer = 3 pencils
many pencils does Jane e =3 (TR R] pencils B e
have? Step 3:
Score: Jane has 2 parts ->
b 2x3=6
.9 0.0133 . . -
09453 this particle [a Final Answer: 6 pencils
has completedl &
| r'ts__answe_r_ : Stap 3: . o
Particle| Step 1: Step 2: H Jane has 2 parts -> .*
3 | LetJ=x,M=2x . Mark = 1 part ) 2x3=6
— .Fmal Answer: 6 pencils
Score: Score: -
0.5898

0.0392 Score:

4 [this par‘tide-
0.9883 thas completed|
its answer

Figure 2: Inference-time scaling with particle filtering: initialize n particles, generate a step for each,
score with the PRM, resample via softmax-weighted scores, and repeat until full solutions are formed.

Algorithm 1 Particle Filtering for Inference-Time Scaling

Initialize N particles {z\” ~ pa(- | )},
t+1

while not all particles stop do
Update rewards w = [F(mglg), . ,?(mgﬁ))]

Compute softmax distribution § = softmax(w
Sample indices {5"}¥, ~ P,(j =i

Ve O,

~pu(- | e et IN

Update the set of particles as {z

end while
Return: the set of weighted particles in the end

Input: the number of particles NV, a reward model 7, a LLM pj; and the prompt ¢
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Step 4: Loop until all particles complete. Finally get a set of weighted particles

generate a 1st Resampling generate a next Resampling generate a next Select particle with highest - "
step / score step / score step / score reward as final answer Algorithm 1 Particle Filtering for Inference-Time Scaling
Step 1: s e o Input: the number of particles V, a reward model #, a LLM pj; and the prompt c
Total parts = 2_ sennns i < ga encils pencils. Jane has other 6. R T : (2) N
Particle (Jane)+1(Mark)=3 P wemn Final Answer: 6 Pencils Step 1: Inltla.llze N pal'tlc]es {3:1 ~ pM ( . | C) i=1
— W oss o Sem  Towlpnts e te1
N ———— - . . 0.8133 = .
Jane has twice as N . e while not all particles stop do
¥ many pencils as Step 1: Step 2: “ this pa}‘ntd:‘htas Ea hs‘tas 2-9 . (1) (N)
Mark. Together . = - . completed its ch part = _[a
they have 9 pegnc:ls How Par;c!e T::Lp:;:;:/-3> Jar;?ngle\:\sn::::::S % a’:swer = gpancils Update rewardS W = [’l"(.’L‘l .t ) 3 T(CE )]
many pencis does Jane =3  severee@ pencils A s Compute softmax distribution 9 = softmax w
Score: '. Score: -‘_ Jane has 2 parts -> .
. . 2x3=6
CLEVEE . 0-0133 particle H Final Answer: 6 pencils
. has completed| T
‘, its answer L Step 3: .*
Particle Step 1: "’ Step 2: ': Jane has 2 parts -> . *
3| Letd=x M=2x . Mark = 1 part 20
Score: . Score:
0.5898

Score:

(
Sample indices {j(z)}’i ~ P = z) =0
.Fmal Answer: 6 pencils
0.039é

0.9883

Update the set of particles as {a:

(.?g }
=1
Transition {a:tﬂ ~pm( | ¢y, 1) =1
this particle t < t + 1
its answer end While

has completed
Figure 2: Inference-time scaling with particle filtering: initialize n particles, generate a step for each
score with the PRM, resample via softmax-weighted scores, and repeat until full solutions are formed

Return: the set of weighted particles in the end
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Joint Distribution of states and observations:

p(z1.1, 01:7) = P(21)[T1—0p(zt | T<t—1)[T;_1p(0¢ | z¢)

An simple example of joint distribution:
Combinatorial Explosion makes
~ P (X =Sunny, Y =O0n Time) ; The Joint Distribution
P (X = Sunny, Y = Late);
P (X = Rainy, Y = On Time);
— P (X = Rainy, Y = Late);

—
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To connect the process with posterior distribution....

P(X|0) = P(X, O) / P(O)

T
pm(z1.1, 011 | €) X HPM(Q’»‘t | ¢ T<t—1) HP(Ot | ¢, T<t),
t=1 t=1

Algorithm 1 Particle Filtering for Inference-Time Scaling

Input: the number of particles [V, a reward model 7, a LLM p,; and the prompt c
Initialize N particles {z\” ~ pa(- | )},

t+1
while not all particles stop do
Update rewards w = [#(z{)). . .. ,f(mgﬁ))]

Compute softmax distribution ¢ = softmax(w)
Sample indices {5\, ~ P,(j = 1) = 6;

Upd . Gy N

pdate the set of particles as {zy.f " };L;

Transition {ﬂvﬁ?l ~pu(-| e, 3751%) i1
t+t+1

end while

Return: the set of weighted particles in the end
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T
0.7~
v HAMA3 LTOBNSIUCt L
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Figure 4: Accuracy vs. Generation Budget across models using different inference-time strategies.
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Efficient Reasoning:

Achieves a superior performance
Under the same budget.



Model Method | MATH500 AIME 2024

Closed Source LLMs
GPT-40 — 76.2 4/30
Rollout Roulette S| g e
Claude 3.5 Sonnet - 78.2 5/30
Open Source LLMs
Llama-3.1 70B Instruct - 65.6 5/30
Qwen-2.5 Math 72B Instruct - 82.0 9/30
Open Source General SLMs
Qwen-2.5 1.5B Instruct Greedy 54.4 1/30
Self Consistency 61.0 2/30
BoN 67.8 1/30
WBoN 69.2 2/30
1 1 Beam Search 76.2 5/30
Achieves comparable performance with yearch | 762 P
Famous closed LLMs (GPT-40, Claude 3.5 Particle Filtering (Qurs) | 793 6/30
. . Open Source Math SLMs
Sonnet) with small size (1 5B/ 7B) open Qwen-2.5 Math 1.5B Instruct Greedy 70.0 3/30
Self Consistency 79.6 6/30
source LLMs. BoN | 818 4/30
WBoN 82.6 4/30
Beam Search 83.0 4/30
DVTS 82.8 5/30
Particle Filtering (Ours) 84.6 7/30
Qwen-2.5 Math 7B Instruct Greedy 79.6 5/30
Self Consistency 84.0 4/30
BoN 82.6 5/30
WBoN 83.0 5/30
Beam Search 86.9 7/30
DVTS 84.6 6/30
Particle Filtering (Ours) 87.7 10/30

Table 1: Results of various LLMs on MATH500 and AIME 2024, highlighting particle filtering
performance. All methods used a compute budget of 32 generations with Qwen2.5-Math-PRM-7B
as the reward model. Notably, Qwen2.5-Math-7B, with just 32 particles, matches ol-preview on
MATHS00, demonstrating PF’s effectiveness.
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Dynamic Cheatsheet

Motivation:
* Current LMs typically operate without retaining insights from previous attempts;

 This study present Dynamic Cheatsheet (DC) 1s a lightweight framework that
provides LLM an external, non-parametric, and evolving memory storage at
inference time.



Dynamic Cheatsheet

* If correct / meaningful -> store the concise and transferable snippets
« If find a better one / error -> replace / delete
* Reorganize the memory and make it concise without repeats.

BL (Bascline) FH (Full History)

I: forie[l,....,n|do 1: foric[l,...,n] do 1: fori € [l,...,n| do

2: yi = Gen(:ﬂ'i) D Solution generation 2 M, =0 > Empty memory 2i M; = Concat({(‘l’js '177)}1<7) > Append full history

3: end for 3: ¥; = Gen(z;, M;) > Solution generation 3 ¥; = Gen(z;, M;) > Solution generation
\ /| 4: end for 4: end for

DC-RS (Retrieval and Synthesis) -

DC-Cu. (Cumulative) DR (Dynamic Retrieval)
1: My« 0 > Memory initialization
2: forie[l,...,n|do 1: Mg+ 0 > Memory initialization I: forie[l,...,n|do
3: Rav= Retr(:c,;, {(Zlfj, jl}j)}j<,‘,, k) > Retrieval 2: fori e [1 N .,'n] do 2: R; = Retr(:zr,-, {(."IIJ', 'gj)}j<,j, A) > Retrieval
4: M; =Cu r(M',f. 1y Li5 R,) > Memory curation 3: Vi = Gen(:z:i, -"1’[&—1) > Solution generation 3t M; = R; > Memory contains only select examples
5: i = Gen(;r,;, ;‘W,{) D> Solution generation 4: M; = Cur(ﬂ’f-i__ 1: L4, !71) > Memory curation 4: i = Gen(:L‘,;, ﬂ»fi) > Solution generation
6: end for 5: end for 5: end for

Figure 2: Dynamic Cheatsheet (DC)-based approaches. Gen represents the solution generator model, Cur the memory curator,
and Retr the retriever. We use the same LLM for generation and curation with different prompts. Retrieval ranks historical
inputs by cosine similarity, selecting the most relevant examples and solutions.



Dynamic Cheatsheet

BL (Baseline) FH (Full History)

I: forie[l,....,n|do 1: fori € [1,...,n|do 1: fori € [1,...,n| do

2 ;= Gen(x;) > Solution generation 22 M;=0 > Empty memory 2:  M; =Concat({(x;,F;)}j<i) > Append full history

3: end for 3z ¥; = Gen(z;, M;) > Solution generation 3: 7; = Gen(z;, M;) > Solution generation
\ | 4: end for 4: end for

DC-RS (Retrieval and Synthesis)
DC-Cu. (Cumulative)

DR (Dynamic Retrieval)

1: My« 0 > Memory initialization

2: forie[l,...,n|do I: Mg+ 0 > Memory initialization I: forie[1,....n]do

3: Ras— Retr(:c,;, {(&?J Uidlici, k) > Retrieval 2: fori e [] N ,n] do 2: R; = Retr(:zr.i, {(.‘IIJ', 'ﬂj)}j<i, ]i‘) > Retrieval
4: M; =Cu r(ﬂfI,:_l 3 :L‘ > Memory curation 3: Vi = Gen(:z:i, .-'1'{@_1) > Solution generation 3t M; = R; > Memory contains only select examples
5: ¥; = Gen(z;, M;) > Solution generation 4: M; = Cur(M;_1, x4, i) > Memory curation 4 ¥ = Gen(z;, M;) > Solution generation
6: end for 5: end for 5: end for

Figure 2: Dynamic Cheatsheet (DC)-based approaches. Gen represents the solution generator model, Cur the memory curator,
and Retr the retriever. We use the same LLM for generation and curation with different prompts. Retrieval ranks historical
inputs by cosine similarity, selecting the most relevant examples and solutions.



Dynamic Cheatsheet

How the memory are stored:



Dynamic Cheatsheet

Cumulative Accuracy for Baseline and DC Approaches on GPOA Diamond

100 —— Baseline
—— DCRS

0 5 50 7 100 125 150 175 200
Number of Examples Seen So Far

Cumulative Accuracy for Baseline and DC Approaches on Game of 24
100

Figure 4: Cumulative performance progression under DC for
GPQA-Diamond (left) and Game of 24 (right). In GPQA-
Diamond, Claude 3.5 Sonnet steadily improves as it accumu-
lates relevant knowledge snippets (first few points are noisy
as y measures cumulative accuracy). Meanwhile, in Game
of 24, GPT-4o rapidly gets near-perfect performance once it
recognizes a Python-based solution.

Tasks Claude 3.5 Sonnet GPT-40

BL DC-) DR DC-Cu DCRS| BL DC) DR DC-Cu DCRS
AIME 2024 233 367 433 50.0 46.7 20.0 36.7 26.7 36.7 40.0
AIME 2025 6.7 233 233 36.7 30.0 6.7 10.0 10.0 16.7 20.0
AIME 202024 6.7 30.1 39.1 38.4 40.6 9.8 241 241 20.3 24.8
Game of 24 120 100 11.0 14.0 14.0 10.0 19.0 6.0 93.0 99.0

GPQA Diamond 596 60.1 63.6 61.1 68.7 571 57.1 551 58.1 57.1
Math Eqn. Balancer 44.8 564 604 100 97.8 50.0 88.0 100 100 99.2
MMLU Pro Eng. 612 572 652 66.8 67.6 53.2 516 488 44.0 51.2
MMLU Pro Physics 74.0 756 804 77.6 82.0 756 70.8 75.6 70.4 75.2

Table 1: Performance comparison of Dynamic Cheatsheet (DC) for Claude 3.5 Sonnet and GPT-40 across multiple benchmarks.
BL (Baseline): standard inference without memory; DC-() (Empty Memory): includes structured problem-solving and explicit
tool-use instructions but no memory; DR (Dynamic Retrieval): uses retrieval but lacks memory updates; DC-Cu (Cumulative
Memory): iteratively accumulates model solutions but lacks retrieval; and DC-RS (Retrieval & Synthesis): combines retrieval
with memory refinement/synthesis. These results highlight accuracy gains under DC: Claude Sonnet’s AIME 2024 accuracy
jumps by 27% under DC-Cu, and GPT-40’s Game of 24 accuracy leaps from 10% to 99% under DC-RS.
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